We compute the abelian kernels of some monoids of partial transformations. More precisely, the cases of the symmetric inverse monoid, monoids of order-preserving or order-reversing transformations, so as monoids of orientation-preserving or orientationreversing transformations are treated.
Introduction
The notion of kernel of a finite monoid became very popular among Semigroup Theorists through a conjecture known as Rhodes Type II Conjecture which proposed an algorithm to perform its computation. It survived as a conjecture almost twenty years and became a theorem after independent and deep work of Ash [2] and Ribes and Zalesskiȋ [17] . For history, motivation and consequences of the conjecture we refer the reader to [12] .
The abelian counterpart of the Rhodes Type II Conjecture was solved by the first author in [3] . The algorithm there obtained to compute the abelian kernel of a finite monoid, although exponential, was optimized and rendered usable in practice in [4] . It has been implemented in the GAP language [19] and is part of a package currently under development.
Some classes of (inverse) monoids of injective partial transformations have been object of study of the second author: in [9] several structural properties of the monoids POI n of all injective order-preserving partial transformations on a chain with n elements were studied and a presentation for these monoids was given; in [8] a similar study was presented for the monoids POPI n of all injective orientation-preserving partial transformations on a chain with n elements. The second author, in joint work with Gomes and Jesus [11] (see also the survey [10] ), considered other extensions of the inverse monoid POI n . With particular interest for this paper, are the following inverse monoids: PODI n consisting of all injective partial transformations on a chain with n elements which are either order-preserving or orderreversing; PORI n consisting of all injective orientation-preserving or orientation-reversing Let u ∈ A * . We say that R can be applied to u if there exists v ∈ A * and an elementary R-transition connecting u to v.
To avoid ambiguities, from now on we take n ≥ 4.
The monoid I n
We begin by recalling some well known facts on the symmetric inverse monoid I n on a base set with n elements, i.e. the inverse monoid (under composition) of all injective partial transformations on a set with n elements. Let S n be the symmetric group on a base set with n elements. Consider the transposition a = (1 2) and the n-cycle g = (1 2 · · · n) of S n . Then, it is well known that {a, g} is a set of generators of S n and, from a group presentation due to Moore [14] , one can easily deduce [10] the following monoid presentation for S n , in terms of these generators: a, g | a 2 = g n = (ga) n−1 = (ag n−1 ag) 3 = (ag n−j ag j ) 2 = 1 (2 ≤ j ≤ n − 2) .
Notice that S n is the group of units of the monoid I n and that two elements of I n are Rrelated or L-related if they have the same domain or the same image, respectively. Moreover, given s, t ∈ I n , we have s ≤ J t if and only if | Im(s)| ≤ | Im(t)|. Hence, for k ∈ {0, 1, . . . , n}, being J k = {s ∈ I n | | Im(s)| = k}, we have
Since |J k | = n k 2 k!, for k ∈ {0, 1, . . . , n}, it follows that I n has n k=0 n k 2 k! elements. Observe that J n = S n . Moreover, the maximal subgroups of I n contained in J k are isomorphic to S k , for 1 ≤ k ≤ n. We obtain a generating set of I n , with three elements, by joining to the permutations a and g any injective partial transformation of rank n − 1. Then being for instance c = 2 3 · · · n 2 3 · · · n , the set {a, g, c} generates the monoid I n . Combining the above monoid presentation of S n with Popova presentation of I n [16] , one can deduce [10] the following presentation of I n , in terms of the generators a, g and c:
The monoid PODI n
Now, we focus our attention on the monoid PODI n . We begin by precising some notions. A partial transformation s of a chain with n elements is called order-preserving (respectively, order-reversing) if, for all x, y ∈ Dom(s), x ≤ y implies xs ≤ ys (respectively, xs ≥ ys). Clearly, the product of two order-preserving transformations or two order-reversing transformations is an order-preserving transformation and the product of an order-preserving transformation by an order-reversing transformation, or vice-versa, is an order-reversing transformation. Recall that POI n denotes the inverse submonoid of I n of all order-preserving transformations and PODI n denotes the inverse submonoid of I n whose elements are all order-preserving or order-reversing transformations. Notice that, by definition, POI n is a submonoid of PODI n . Next, we exhibit some properties as well as a presentation of the monoid PODI n , which were given by the second author, Gomes and Jesus in [11] .
The second author proved in [7] that |POI n | = 2n n and, from this result, it was deduced that |PODI n | = 2 2n n −n 2 −1, using the fact that the H-class of an element s ∈ PODI n has exactly two elements (an order-preserving one and another being order-reversing), unless the rank of s is one or zero, in which case its H-class is trivial. As for I n , given s, t ∈ PODI n , we have s ≤ J t if and only if | Im(s)| ≤ | Im(t)|, whence
where J k = {s ∈ PODI n | Im(s)| = k}, for k ∈ {0, 1, . . . , n}. Now, we recall the presentation of the monoid PODI n exhibited in [11] , in terms of n + 1 generators, although this monoid has smaller rank. In fact, the monoid PODI n has rank n 2 + 1, the least integer greater than or equal to n 2 + 1. Let x 0 , x 1 , . . . , x n−1 , h be n + 1 letters and let Y = {x 0 , x 1 , . . . , x n−1 , h}. In the expressions of the relations below, the following convention will be adopted: given i, j ∈ {0, . . . , n − 1}, if i ≤ j the expression x i · · · x j represents the word of length j − i + 1 such that the letter in the position p ∈ {1, . . . , j − i + 1} is x i+p−1 (i.e. the indexes of the letters are ordered in the usual way and are consecutive), and if j < i the expression x i · · · x j represents the empty word. For example, the expression x 3 · · · x 2 denotes the empty word and not the word x 3 x 2 .
Consider the following set of monoid relations:
Then Y | R is a presentation of the monoid PODI n . We notice that this presentation of PODI n is based on the presentation of POI n ,
given by the second author in [9] . Also, notice that the (n+1) th generator h of X corresponds to the permutation of PODI n that reverts the order:
The set W n−1 of canonical forms, considered in [11] , corresponding to the elements of the J-class J n−1 of PODI n is defined as follows: being z = x 1 · · · x n−1 and W n−1 = {ux 0 v | u is a suffix of z and v is a prefix of z},
Notice that W n−1 is the set of canonical forms, considered by the second author in [9] , corresponding to the elements of rank n − 1 of POI n .
The monoid PORI n
Let c = (c 1 , c 2 , . . . , c t ) be a sequence of t (t ≥ 0) elements from (for instance) the chain {1 < 2 < · · · < n}. We say that c is cyclic (respectively, anti-cyclic) if there exists no more than one index i ∈ {1, . . . , t} such that c i > c i+1 (respectively, c i < c i+1 ), where c t+1 = c 1 . Then, given a partial transformation s on the chain {1 < 2 < · · · < n} such that Dom(s) = {a 1 , . . . , a t }, with t ≥ 0 and a 1 < · · · < a t , we say that s is an orientationpreserving (respectively, orientation-reversing) transformation if the sequence of its images (a 1 s, . . . , a t s) is cyclic (respectively, anti-cyclic). As in the order case, the product of two orientation-preserving transformations or of two orientation-reversing transformations is an orientation-preserving transformation and the product of an orientation-preserving transformation by an orientation-reversing transformation, or vice-versa, is an orientation-reversing transformation. We denote by POPI n the inverse submonoid of I n of all orientationpreserving transformations and by PORI n the inverse submonoid of I n of all orientationpreserving transformations together with all orientation-reversing transformations. Now we recall some results on the monoids POPI n . In [8] the second author showed that POPI n has 1 + n 2 2n n elements and that adding to POI n the permutation g = (1 2 · · · n) we obtain a generating set of POPI n . In fact, in the same paper it was also shown that POPI n , as a monoid (and as a semigroup), has rank two (a certain element of POI n with rank n − 1 together with g suffices to generate POPI n ). Also in [8] a presentation of POPI n was given. Next, we recall it.
Let x 0 , x 1 , . . . , x n−1 , g be n + 1 letters and let X = {x 0 , x 1 , . . . , x n−1 , g}. Consider the following set of monoid relations:
, and based on the presentation of POI n recalled above, it was proved in [8] that X | R is a presentation for POPI n .
Notice that, also in [8] a presentation of POPI n on two generators (with the same number of relations) was given. This presentation was refined by the second author, Gomes and Jesus in [11] , by eliminating a large number of superfluous relations. We do not precise these results here since they are not relevant for our purposes. Now, we concentrate ourselves on the monoids PORI n . This monoid was also studied in [11] by the second author, Gomes and Jesus.
Like for the monoids considered previously, given s, t ∈ PORI n , we have s ≤ J t if and
elements (it is easy to show that, if H s is a maximal subgroup, then it is up to isomorphism the dihedral group
of order 2k) and if | Im(s)| = 2 then |H s | = 2, otherwise the H-class of s has just one element. Hence, for k ∈ {0, 1, . . . , n}, being J k = {s ∈ PORI n | | Im(s)| = k}, we have
(n 2 − 2n + 3). A set of generators of PORI n can be obtained by adding the permutation h (defined above) to any set of generators of POPI n . In particular, we can find a generating set of PORI n with just three elements. Notice that in [11] a presentation of PORI n in terms of three generators was given. This result was accomplished by applying a general technique (described in [11] and also used to obtain the presentation of PODI n already recalled) that consists in considering a presentation of POPI n (that one given in [11] ) together with a new letter (corresponding to the generator h) and a new set of three different kind of relations involving this new letter. See [11] for details.
The same technique, by mimicking exactly the proof given in [11] , allow us to state another presentation of PORI n (more convenient for this paper) this time based on the presentation of POPI n on n + 1 generators recalled above.
So, let us consider n + 2 letters x 0 , x 1 , . . . , x n−1 , g, h and the set R of monoid relations on the letters x 0 , x 1 , . . . , x n−1 , g defined above. Also, consider the following relations:
Then, we have:
The monoid PORI n is defined by the presentation X | R .
Observe that the set W n−1 of canonical forms, considered in [11] , corresponding to the elements of the J-class J n−1 of PORI n is defined as follows: being z = x 1 · · · x n−1 and
Notice that W n−1 is the set of canonical forms, considered by the second author in [8] , corresponding to the elements of rank n − 1 of POPI n . Also, notice that, as a word of the form x i x j , with 0 ≤ i, j ≤ n − 1 and j = (i + 1)mod n, corresponds to an element of POI n of rank n − 2 (see [9] ) and the words of the relation NR 2 correspond to an element of rank two of PORI n (in fact, also of POPI n : see [11] ), then the relations of R applicable to any word representing an element of the J-class J n−1 of PORI n are just those of the set
Our final remark in this section concerns the words of W n−1 that represent (the n) idempotents. These are the following:
and g n−1 x 1 · · · x n−1 (which corresponds to the same element of PORI n that x 0 x 1 · · · x n−1 ).
Abelian kernels
For basic notions related with rational languages we refer the reader to Pin's book [15] . For profinite topologies and other stuff on finite semigroups, we refer the reader to Almeida's book [1] . A relational morphism of semigroups τ : S−→ • T is a function from S into P(T ), such that:
If S and T are monoids, τ is called a relational morphism of monoids if it satisfies (a), (b) and (c) 1 ∈ τ (1).
A relational morphism τ : S−→ • T is, in particular, a relation in S × T . Homomorphisms, seen as relations, and inverses of onto homomorphisms are examples of relational morphisms.
Given a pseudovariety H of groups, the H-kernel of a finite semigroup S is the subsemigroup K H (S) = τ −1 (1), with the intersection being taken over all groups G ∈ H and all relational morphisms of semigroups τ : M −→ • G. Sometimes we refer to the H-kernel simply as relative kernel. When H is Ab, the pseudovariety of all finite abelian groups, we use the terminology abelian kernel. The H-kernel of a monoid is defined analogously: relational morphisms of monoids instead of relational morphisms of semigroups are taken. The computation of the H-kernel of a finite semigroup can be reduced to the computation of the H-kernel of a finite monoid. In fact, it is straightforward that, for a finite semigroup S,
where S 1 denotes the monoid obtained from S through the adjoining of an identity if S has none and denotes S otherwise.
It follows immediately from the definition that if N is a submonoid of a finite monoid M ,
It is also easy to see that the relative kernel of a finite monoid M is a submonoid of M containing the idempotents. In order to state another useful closure property, we need the definition that follows.
A pair (s, t) of elements of M is said a conjugating pair if sts = s or tst = t. A subset K ⊆ M is said to be closed under weak conjugation if whenever (s, t) is a conjugating pair and u ∈ K, then sut ∈ K. Proposition 2.1 Let H be a pseudovariety of groups and let M be a finite monoid. The relative kernel K H (M ) is a submonoid of M closed under weak conjugation.
The proof of this result is analogous to the corresponding result for the kernel case, which may be found, for example, in [18] .
The notion of H-kernel is tightly related to an important operator of pseudovarieties: the Mal'cev product (see [12] ). Its definition, when the first factor is a pseudovariety V of monoids and the second factor is a pseudovariety H of groups, may be given as follows:
Next we collect some results that were first stated in [3] and will be used in the sequel. The n-generated free abelian group Z n is considered endowed with the profinite group topology, i.e. the least topology rendering continuous all homomorphisms into finite groups.
In order to render our notation more understandable, we will use use subscripts in certain components of the elements of Z n . For instance, we write (0, . . . , 0, 1 (i) , 0, . . . , 0) with the meaning of "(0, . . . , 0, 1, 0, . . . , 0) (1 is in the position i)". We adopt the usual notation for the neutral element of an abelian group: (0, . . . , 0) ∈ Z n is simply denoted by 0. Let A = {a 1 , . . . , a n } be an alphabet. The canonical homomorphism γ : A * → Z n defined by γ(a i ) = (0, . . . , 0, 1 (i) , 0, . . . , 0) will be widely used (for the alphabets in the context). The image under γ of a rational language of A * is a rational subset of N n (⊆ Z n ), thus it is a semilinear set, i.e. a finite union of sets of the form a + b 1 N + · · · + b r N. In [3, 4] is given an algorithm to compute the image of a rational language of A * by γ. Of interest for us is the following particular case:
Suppose that M is an A-generated finite monoid and let ϕ : A * → M be an onto homomorphism. We say that an element x ∈ M can be represented by a word w ∈ A * if ϕ(w) = x. Proposition 2.4 An element x ∈ M belongs to the abelian kernel of M if and only if 0 ∈ γ(ϕ −1 (x)).
Using the fact that ϕ −1 (x) is a rational language (by Kleene's theorem), the observation preceding Lemma 2.3 and Proposition 2.2, we have that γ(ϕ −1 (x)) is a finite union of sets of the form a
The following proposition was proved in a slightly more general form in [3] . See also [5] .
Proposition 2.5 The abelian kernel of a finite group G is precisely its derived subgroup G .
In particular, the abelian kernel of a finite abelian group is the trivial subgroup. One can easily check [6] that the abelian kernel of the dihedral group D 2n of order 2n is the subgroup
, where g is the generator of order n.
Other examples of abelian kernels are given by the following results:
The abelian kernel of POI n consists of all idempotents and all elements of rank less than n − 1.
The abelian kernel of POPI n consists of all idempotents and all elements of rank less than n − 1.
Of interest for us is also the following particular case of [5, Lemma 4.8].
Lemma 2.8 Let G be the group of units of a finite monoid M . Then K Ab (M ) ∩ G = G .
General results concerning abelian kernels
Let n be a positive integer and p i : Z n → Z be the projection onto the i th component (i.e. for x = (m 1 , . . . , m n ) ∈ Z n , p i (x) = m i ).
Lemma 3.1 Let x 1 , . . . , x k ∈ Z n and let r 1 , . . . , r k ∈ Z. Then p i (r 1 x 1 + · · · + r k x k ) and p i (|r 1 |x 1 + · · · + |r k |x k ) have the same parity.
Proof. Cleary, it suffices to observe that the sum
and in this last expression every coefficient is even (it is 0 or 2r i ), the result follows.
2
Let B be a subset of an alphabet A with n letters. Denote by |w| B the length of a word w ∈ A * counting only the occurrences of the letters in B. If B is singular, say B = {a}, we adopt the usual notation |w| a . Theorem 3.2 Let M be a finite A-generated monoid. If x ∈ K Ab (M ) then, for any letter a ∈ A, x can be represented by a word w ∈ A * such that |w| a is even.
) and 0 ∈ x 0 + x 1 Z · · · + x k Z, as observed after the statement of Proposition 2.4. Thus there exist r 1 , . . . , r k ∈ Z such that 0 = x 0 + r 1 x 1 + · · · + r k x k .
Let i be the position of a in A. We have that p i (x 0 + r 1 x 1 + · · · + r k x k ) = p i (0) is even and so is p i (x 0 + |r 1 |x 1 + · · · + |r k |x k ), by Lemma 3.1. As x 0 + |r 1 |x 1 + · · · + |r k |x k ∈ γ(ϕ −1 (x)), the result follows.
As, for B = {b 1 , . . . , b r } ⊆ A, we have |w| B = |w| b 1 + · · · + |w| br , then we immediately obtain the following corollary: Corollary 3.3 Let M be a finite A-generated monoid. If x ∈ K Ab (M ) then, for any subset B of A, x can be represented by a word w ∈ A * such that |w| B is even.
Theorem 3.4 Let T be a monoid, let x 1 , x 2 , . . . , x k , y be a set of generators of T such that y 2 = 1 and let S be the submonoid of T generated by x 1 , x 2 , . . . , x k . If for each i ∈ {1, . . . , k} there exists u i ∈ S such that yx i = u i y, then K Ab (T ) ⊆ S.
Proof.
Let x ∈ K Ab (T ). Then by Theorem 3.2 we can represent x as a word w ∈ {x 1 , x 2 , . . . , x k , y} * with an even number of occurrences of the generator y. Then applying the relations yx i = u i y, i ∈ {1, . . . , k}, from the left hand side to the right hand side of w and the relation y 2 = 1 whenever possible, we can represent x without any occurrence of y, whence x ∈ S.
Using the properties of the monoids PODI n and PORI n recalled in Section 1, as an immediate consequence of Theorem 3.4, we have:
Corollary 3.6 One has K Ab (PORI n ) ⊂ POPI n .
Let PODI be the pseudovariety generated by {PODI n | n ∈ N}. Using the previous result and the fact that PODI only contains 2-groups, we obtain the following corollary. Similarly, being PORI be the pseudovariety generated by {PORI n | n ∈ N}, we have:
The abelian kernel of PODI n
Part of the description of the abelian kernel of PODI n follows immediately from Corollary 3.5, Lemma 2.8 and Theorem 2.6. In fact, as POI n is a submonoid of PODI n , we have that K Ab (POI n ) ⊆ K Ab (PODI n ) ∩ POI n . Thus, for k < n − 1, K Ab (PORI n ) ∩ J k consists of the elements of J k that belong to POI n . On the other hand, since the group of units J n of PODI n is abelian, the only element of J n that belongs to K Ab (PODI n ) is the neutral element of PODI n . In order to complete the description of the abelian kernel of PODI n , it remains to determine which non idempotents of POI n ∩ J n−1 belong to K Ab (PODI n ). The parity of n has a great influence, as we shall see. Lemma 4.1 Let (n 0 , n 1 , . . . , n m−1 ) ∈ Z m . Through successive applications to this element of the functions defined above, one can reach an element of the form (k, k, . . . , k) in a finite number of steps.
Proof. We start searching for an element of the form (z, x, . . . , x) without using f 0 . Let X = (n 0 , n 1 , . . . , n m−1 ). Define ||X|| as the maximum of the set {|n i − n j | | 1 ≤ i, j ≤ m − 1}.
Suppose that X has not yet the desired form, i.e., ||X|| > 0. Let M = max{n 1 , . . . , n m−1 } and let {i 1 , . . . , i r } be the set of indexes such that n i j = M, j = 1, . . . , r. Now let us consider the element X = f i 1 (. . . (f ir (X)) . . .) and repeat the process with X = X while ||X || = 0. Note that ||X || < ||X||, thus this process ends in a finite number of steps. Now, if the components of X are not yet all equal, then X has the form (z, x, . . . , x). Several cases may then arise: Case 1. z = x + 2s, with s a positive integer. We apply f 0 s times and we are done. Case 2. z = x + 2s − 1, with s a positive integer. We apply f 0 s times and then
Case 3. z = x − s, with s a positive integer. We apply
Let x ∈ PODI n . We are aiming to compute a set of words corresponding to x, i.e., whose image by ϕ is x. Of course, given one such word, any other can be obtained through the application of the relations above.
Observe that, in face of NR 0 , when a word w corresponds to an element x in PODI n , the word w obtained by insertion of h 2 as a factor at any position of w also corresponds to x. This observation allows us to assume that a h is present whenever we need it to use NR 1 .
Suppose that v is a word obtained from u ∈ Y * through an application of, say, NR Proof. Let p ∈ PODI n be an element corresponding to a canonical word w as in the statement of the proposition. Let v ∈ ϕ −1 (p) be a word such that |v| x i = k, for 0 ≤ i ≤ n − 1. Such a word exists by the discussion above. The last component of γ(v) is an even integer corresponding to the h 2 's introduced using the relation NR 0 . We then conclude that (k, k, . . . , k, ) + (1, . . . , 1, 0)N + (0, . . . , 0, 2)N ⊆ γ(ϕ −1 (p)) since the relations R 5 and NR 0 can be used any number of times. Thus (0, . . . , 0) ∈ (k, k, . . . , k, ) + (1, . . . , 1, 0)Z + (0, . . . , 0, 2)Z ⊆ γ(ϕ −1 (p)), as required.
Next we complete the computation of the abelian kernel of PODI n . We prove that the elements of PODI n belonging to K Ab (PODI n ) \ K Ab (POI n ) are exactly those given in the previous proposition when n is odd and that there are no such elements when n is even. In particular, for even n, the equality K Ab (POI n ) = K Ab (PODI n ) ∩ POI n happens.
We say that u ∈ Y * is a soft word if whenever x i h k x j , with k ∈ N and 0 ≤ i, j ≤ n − 1, is a factor of u, then j ≡ (n − i)mod n if k is odd (i + 1)mod n if k is even.
Note 1 Observe that a word x i x j , with 0 ≤ i, j ≤ n−1, is soft if and only if (i, j) = (n−1, 0) or j = i + 1, for i < n − 1. Therefore, R 1 ∪ R 2 ∪ R 3 ∪ R 4 ∪ R 6 ∪ NR 2 cannot be applied to soft words, since both sides of each of these relations contain as a factor a non soft word of length two.
It is clear that words of the form
Thus, all elements of the J-class J n−1 of PODI n may be represented through soft words. In fact, any word representing one of such elements must be soft, as follows from the note above, next lemma and the fact that Y | R is a presentation of PODI n . Proof. Let u = v be a relation from R 5 ∪NR 0 ∪NR 1 and a, b ∈ Y * . Then, it suffices to prove that aub is soft if and only if avb is soft. This is clear if u = v belongs to R 5 ∪ NR 0 , whence we may suppose that u = v comes from NR 1 . Then, u = hx j , for some j ∈ {0, 1, . . . , n − 1}.
Let a be a word of Y * such that a = a h k 1 , for some k 1 ≥ 0, and a does not admit h as a suffix. Let b be a word of Y * such that b = h k 2 b , for some k 2 ≥ 0, and b does not admit h as a prefix. Say that (s) is satisfied if a is the empty word or a = a x i , with a ∈ Y * and i ∈ {0, 1, . . . , n − 1} such that
and if b is the empty word or b = x b , with b ∈ Y * and ∈ {0, 1, . . . , n − 1} such that
Then, it is a routine matter to show that awb is soft if and only if (s) is satisfied, for w ∈ {u, v}. Thus, aub is soft if and only if avb is soft, as required. 2
Successive applications of transitions from R 5 ∪NR 0 ∪NR 1 show that, for any x ∈ PODI n ,
where w x is any word corresponding to x and the part in square brackets only appears in case n is even. By the comments preceding Lemma 4.3 it follows that, when x ∈ J n−1 , the inclusion above is in fact an equality. Thus an element x ∈ J n−1 , corresponding to a word w x belongs to the abelian kernel of PODI n if and only if γ(w x ) ∈ (1, 1, . . . , 1, 0)Z + (0, . . . , 0, 2)Z + (0, 1 (2) , 0, . . . , 0, 1 (n−1) , 0Z + · · · [+(0, 0, . . . , 0, 2 (n/2+1) , 0, . . . , 0)Z] + (2, 0, 0, . . . , 0)Z.
Suppose now that w x = x i+1 · · · x n−1 x 0 x 1 · · · x j is the canonical word associated to x. It is clear that x ∈ K Ab (PODI n ) implies that |w x | xr = |w x | x n−r (1 ≤ r ≤ n − 1).
Corollary 4.4
If n is an odd integer, then the abelian kernel of PODI n consists of the abelian kernel of POI n united with the set of elements corresponding to words of the form
It is also clear that, when n is even, if x ∈ K Ab (PODI n ), then the first and the (n/2+1) th components of γ(w x ) must have the same parity. Checking the forms of the canonical words corresponding to elements in J n−1 we easily obtain that Corollary 4.5 If n is an even integer, the abelian kernel of PODI n consists precisely of the elements of the abelian kernel of POI n .
The following pictures represent possible drawings of the egg-boxes of the J-classes J n−1 for n = 4 and n = 5, respectively. Only the elements of the abelian kernel are marked: the idempotents are represented by the symbol * and the non-idempotents by the symbol +.
The picture for n = 4 illustrates the general case for n even and the picture for n = 5 illustrates the general case for n odd. 
The abelian kernel of PORI n
Recall that the J-class J n of PORI n is the dihedral group generated by h (order 2) and g (order n). Using Lemma 2.8, we have that K Ab (PORI n ) ∩ J n = J n . Since the derived subgroup J n is g 2 , we have that K Ab (PORI n ) ∩ J n consists of the even powers of g when n is even, and contains g when n is odd.
Analogously to the case of PODI n , now using Corollary 3.6 and Theorem 2.7, one has that, for k < n − 1, K Ab (PORI n ) ∩ J k consists of the elements of J k that belong to POPI n . To obtain the complete description of the abelian kernel of PORI n it remains to decide which non idempotents of POPI n ∩ J n−1 belong to K Ab (PORI n ). Again the parity of n has a great influence.
We begin by stating a couple of lemmas whose proofs depend just on the observation of the relationsR, which (as noticed above) are the only relations applicable to words representing elements of J n−1 .
Lemma 5.1 If n is even and w is a word obtained from another word u through the application of a relation ofR, then the lengths |u| and |w| have the same parity.
Lemma 5.2 If n is odd and w is a word obtained from another word u through the application of a relation ofR and B = {x 1 , . . . , x n−1 }, then |u| B and |w| B have the same parity.
Our next lemma establishes a set of relations holding in PORI n that we will use in the sequel.
Proof. We prove the equality by induction on k. For k = 1 the equality is trivial. Suppose now that 1 ≤ k < n − 1. Using the induction hypothesis and R 7 , we have
Now, since the (n − 1)-power of the element gx n−1 (of the J-class J n−1 of PORI n ) is g n−1 x 1 · · · x n−1 , which is an idempotent, and any other power (gx n−1 ) k , with 1 ≤ k < n − 1, is equal by the previous lemma and the relation R 5 to g k x n−k x n−(k−1) · · · x n−1 x 0 x 1 · · · x n−1 , which is non-idempotent (see Section 1), we have:
Proposition 5. 4 The subsemigroup gx n−1 of PORI n is a group of order n − 1 contained in the J-class J n−1 .
Let H be the maximal subgroup of J n−1 ∩ PORI n containing gx n−1 . Recall that it is a dihedral group of order 2(n − 1), whence it is generated by the element gx n−1 of order n and an element h ∈ gx n−1 of order 2. So, the derived subgroup H is the cyclic subgroup (gx n−1 ) 2 . It is gx n−1 when n − 1 is odd (i.e. n is even) and consists of the elements g 2 x n−2 x n−1 , g 4 x n−4 x n−3 x n−2 x n−1 , . . . , g n−1 x 1 x 2 · · · x n−2 x n−1 = x 0 x 1 · · · x n−1 when n is odd. Thus, we have proved the following lemmas which imply that if n is even, then half of the elements of H belong to K Ab (PORI n ), while if n is odd, only a quarter of the elements of H belong to K Ab (PORI n ).
Lemma 5.5 If n is even, then the elements corresponding to words of the form (gx n−1 ) k , with k ≥ 1, belong to K Ab (PORI n ) ∩ J n−1 .
Lemma 5.6 If n is odd, then the elements corresponding to words of the form (gx n−1 ) k , where k ≥ 2 is an even integer, belong to K Ab (PORI n ) ∩ J n−1 .
Next, we state a technical lemma which in fact gives us a new set of representative words of the elements of the J-class J n−1 of POPI n .
Lemma 5.7 One has
Proof. First, we observe that x 1 g = g 2 x n−1 x 0 (see [8, Lemma 5.4] ). Next, we prove the equality
by induction on j. For j = 0 the equality is one of the relations R 8 . Then, let 0 ≤ j < n − 1. Using R 7 , the relation above, R 8 and the induction hypothesis (by this order), we have
Now, using equality (1), R 9 and Lemma 5.3, we obtain
Now, we can describe the elements of J n−1 that belong to the abelian kernel of PORI n .
Theorem 5.8 Let B = {x 1 , . . . , x n−1 } and let x be the element of J n−1 ∩ POPI n corresponding to the word
and only if:
(i) |w| B is even, for n odd;
(ii) |w| is even, for n even.
Proof. First, we prove (i). Let us suppose that n is odd. If x ∈ K Ab (PORI n ) then, by Corollary 3.3, there exits a word u representing x such that |u| B is even. Hence, since w is obtained from u through the application of relations fromR, by Lemma 5.2, |w| B must also be even.
Conversely, admit that |w| B is even. As |w| B = i + j, by Lemma 5.6, (gx n−1 ) i+j ∈ K Ab (PORI n ), whence g j+1 (gx n−1 ) i+j g n−j−1 ∈ K Ab (PORI n ), as (g j+1 , g n−j−1 ) is a conjugating pair. Finally, as we notice at the beginning of this section, g ∈ K Ab (PORI n ) ∩ J n and so, by Lemma 5.7, we deduce that x ∈ K Ab (PORI n ).
The proof of (ii) is quite similar to the previous one. In fact, if x ∈ K Ab (PORI n ) then, by Corollary 3.3, there exits a word u representing x such that |u| is even. Hence, since w is obtained from u through the application of just relations fromR, by Lemma 5.1, |w| also is even.
On the other hand, suppose that |w| is even. Then, by Lemma 5.5, we have (gx n−1 ) i+j ∈ K Ab (PORI n ) and so g j+1 (gx n−1 ) i+j g n−j−1 ∈ K Ab (PORI n ). Now, by Lemma 5.7, it suffices to show that g 2n+k−i−j−1 ∈ K Ab (PORI n ). In order to show it, observe that, since k + i + j + 1 = |w| is even, then k − i − j − 1 is even and so it is 2n + k − i − j − 1, whence g 2n+k−i−j−1 ∈ K Ab (PORI n ) ∩ J n , as noticed at the beginning of this section. 2
We thus conclude that half of the elements of J n−1 ∩ POPI n belong the abelian kernel of PORI n . An analysis on its distribution into H-classes leads to the egg-boxes illustrated in the following pictures. They represent possible drawings of the egg-boxes for n = 4 and n = 5, respectively. The number inscribed in a box corresponding to a H-class represents the number of elements of the H-class which are in the abelian kernel compared to the total number of elements of the H-class.
The picture for n = 4 illustrates the general case for n even and the picture for n = 5 illustrates the general case for n odd. We have to remark that a short argument (making use of Lemmas 5.1 and 5.2) like the one used to prove that some elements do not belong to the abelian kernel of PORI n does not work for PODI n . If one wished to make a similar proof, more cases would have to be treated and it would produce a proof possibly longer than the one we gave. 6 The abelian kernel of I n The J-class J n of I n is precisely the symmetric group S n , therefore its derived subgroup is the alternating group A n (see [6] ). From Lemma 2.8 it follows that K Ab (I n ) ∩ J n = A n .
Next we will consider the elements of the J-class J n−1 . Let 1 ≤ r, s ≤ n. We denote by H r s the H-class of J n−1 of the elements x such that Dom(x) = {1, 2, . . . , n} \ {r} and Im(x) = {1, 2, . . . , n} \ {s}. We define K Proof. Define σ as the identity if r = u or, otherwise, σ = (i j)(r u), with 1 ≤ i, j ≤ n any two integers such that i, j, r, u are four distinct integers (notice that n ≥ 4). Also, define ν as the identity if s = v or, otherwise, ν = (s v)(k ), with 1 ≤ k, ≤ n any two integers such that k, l, s, v are four distinct integers. Then, given x ∈ H r s (respectively, x ∈ H u v ), it is a routine matter to show that σxν ∈ H It follows immediately from this result that each H-class of I n contained in J n−1 has the same number of elements belonging to the abelian kernel of I n .
The next lemma gives an example of an element of J n−1 that does not belong to the abelian kernel of I n .
Lemma 6.2 The element of J n−1 represented by ac does not belong to the abelian kernel of I n .
Proof. Note that the words appearing in the relations (ca) 2 = cac = (ac) 2 correspond to an element of rank n − 2, whence they can not be applied to any word representing the same element than ac does.
If n is odd then any word appearing in the remaining relations has an even number of a's. Hence, by applying these relations to ac, one only gets words with an odd number of a's. The result follows by Theorem 3.2.
The proof is analogous if n is even. In fact, in this case, observe that, in the words appearing in the same relations, the sum of the number of a's with the number of g's is even. Then, using Corollary 3.3 with B = {a, g}, one gets the result. 2
Proof. From Lemmas 6.1 and 6.3 it follows that J n−1 ∩ K Ab (I n ) ⊆ A n−1 H A n−1 . The converse follows immediately from the fact that both H and A n−1 are contained in K Ab (I n ) and A n−1 H A n−1 only contains maps of rank n − 1. 2
It remains to determine the elements in the J-classes J k , with 0 ≤ k < n − 1, that belong to K Ab (I n ). We will easily show that they are all.
Let 0 ≤ k ≤ n − 2 and let x be an element of J k . Denote, as usual, by x −1 the inverse (in I n ) of x. Let σ be any permutation of S n that extends x, let 1 ≤ i, j ≤ n be any two distinct integers that do not belong to the image of x and let ν be the transposition (i j). Clearly, x = xx −1 σ = xx −1 σν. Since xx −1 is an idempotent, it belongs to K Ab (I n ). On the other hand, we have σ ∈ A n or σν ∈ A n , whence x ∈ K Ab (I n ).
Therefore, we have proved:
Proposition 6.5 All elements of I n with rank less than n − 1 belong to K Ab (I n ).
